



































































































































Grouptheory
3rd dass

GCI
Recall Given integers a b Cuotbotho
we say a positive integer d is a geol
for a b if

a dla dlb
2 Cla clb clot

we showed if d exists then it mustbe
unique and we wrote it as

Euclid
D ged Gb ca b

Thin such a god always exists
i e given any a bas above 7 d satisfying
heel

Pref If a o 5 0 then d a
or a o b so ol b

Also god a Eb gadclatfD
Hence We may assume a b 0

Use longdivision
a b g tr

b Er t e otros b

92JBe
OE r r

r Oe






































































































































r R 9g try OE Barz

In r 9n to

geol aib geolCb r geolCri ra
god ruin Tn TX

EI 9 126 b 35
126 35 3 21
35 21 I 14 yeol1126,35
21 14 I 7
14 702 0 7

Linear combinations
Given a bEZ we can form a linearcombination

Matnb for some M nEZ
t.gr A 3 5 5 2.3 6.5 36

2.3 C 17.5 6 5 1

theorem If D geolca b then okmatnb
for some min C 2

Moreover every linear comb of ads is a multiple
off gedlab and so dis the smallest such
linear combination

Proof Sketch let I a 2 math b
for some M h EZ

I 1 01 a 1 a tub E I






































































































































I a
closed under adolohn subtraction

matnb patgb chip atEu q b v

Look now at In 250
This set must have a smallesteleeneut
call it d

It turns out that D godca b l exercise
Hence gadcab matnb for tone

A M h E Z

Ink o TH

Ee a 12 b 5 geolCab L 1.5 2.2
3.2 In 5

In general finding D gcokab amatnb
can bedone via a modified long division
algorithm using matrices

E Back to la i26 lt5T
We want to solve a system ofthetorn mt26 I3o5

a b

I i's 3 to iii I
Ii 3

FEE I int
a b

Etr ET TE g
9radCarb

i 7 2 a t C 7 b 2.126 7.35






































































































































when degedCa b L we say that a b
are coprime they have no prime.tn fmon

eye 9 4 are coprime geed
624 are notcognine god 2

trop gcdCa b F a linear combination
Math b

Prod follows fromThem abore Cut dat

If matmbH then I is the
smallest positive linear combinationofaeb

So again by Thm party t gcdca.bg

Def A relation R on a sets is a subset

RE SX S
metal If b ER we write an b or a b

te x ssym
Et The graph of a function f S ss is

a relation R Cx Lcm x ES
that must pass the vertical line test

Def An equiralencerelation R on a sets
is a relation that satisfies

corn

Ci reflexivity Xv x trees
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C l y
Cii ymmetry any York tx yes
Ciii transitivity ryeynzHxnzV

xiyiteSSinrplesteaamplea.fS i.e try Fy
i.e R Case sees

Others sage 2,37 Red ClD EH ED 23,34333

44k
or w2 et
or TE 5

Note We can associate a graph to R with
vertex sets and edges X 2 if y

These graphs have all connected components
complete graphs Car cliques

o
egnaa.IT 7oo

Picture from Wikipedia
of all equivalence relations

on 5 21,2 34,53
a o

O o neo o a o o_0

4M
Hotan equiv rel c R 34 14,43

on 142,37

E E oefleaire transiting uotosymm
b



of y
a E a aEb Ec a E b

nee I
bea

unless a b

m dn
Cn o

Def Two integers a b are congruent
modulo N written azb Cmooln

if for some gez
eat 7 2 cools 8 2 meds

trop is an equiv relation
Proof C a a modes a a _o n O

Cil a b anodn a bang for some q
b a ne g
b a main

Ciii a b e b c canoedn

a b g n b c p n Horgsgge
a c b tcb 4

gu t p n Cgtp on

a cCmod

Def Given au equiv rel n ons we write
Ex yes yeux equivalence

class of s

For w 6



too we write
a
n or simply a

Then a gain A n a ath at 2h 3

Eg tu n 2 Eo z 2 2 0,2 4 7 eren integers

172 I 3 1,13 5 I oddintegers

The set of equivalence classes for modal

is 2 n oh n nEnDn
P

EE mad n w 2 sub n

This set can bethoughtof as all possible
reminders when oliriohh.gr by n
Ca n qtr o c rsn

reminder
The a b emool a b gu for someq

a e b have the remainder
when dividing byn

eg 2cg 07,17 EH 3




